LET Md BE A COMPLETE Riemannian manifold of dimension d. The Laplacian A of M is formally self adjoint on C;(M) and has a unique extension A to an unbounded self adjoint operator on L'M. One defines the essential spectrum of M, denoted Ess Spec M, to be those real numbers which are either cluster points of the spectrum of A or eigenvalues of infinite multiplicity for A.
CURVATURE BOUNDED BELOW
Let M be a complete Riemannian manifold of dimension d. If A is the Laplacian of M acting on C;(M), the smooth compactly supported functions, then A is essentially self adjoint [8] . This means that A has a unique extension from C;(M) to an unbounded self adjoint operator on L*(M). The domain 5@A of A consists of those f E L*(M) for which Af E L*(M). Moreover, (Af, f) = (df, df), so that A is positive semidefinite. Thus the spectrum of A is contained in [0, 00) .
There is a simple geometric condition which assures that A has non-empty essential spectrum: Proof. Given x EM we denote B(x, 7) to be the open set consisting y E M whose geodesic distance from x is less than y. We may define eigenvalue of B(x, y) by:
of those the first Then for all E ~0, exists @J E CXB(x, y)) such that (A4 -Al4 -e&4) = (d+, d4) -(AI + s)(4,4) < 0. Now let A@(c, y)) be the first eigenvalue of the ball D(c, y) of radius y in the simply connected space of constant curvature -c. Then it is elementary [4, p. 2941 to show that h@(c, y))'(dl)*c/4+ h(c, y) where h(c, y)+O as y-+00. In his paper [4] , Cheng has derived the remarkable inequality:
A,(B(x, Y)) 5 A,(D(c, Y)) (3.2) using that the Ricci curvature of M is bounded below by -(d -1)~. The interesting point is that (3.2) holds independent of the topological type of B(x, y). Thus y need not be less than the injectivity radius at x. Since M is noncompact, for any y there exists an infinite number of disjoint balls B(xi, y) C M. Given E >O, choose y SO that A,(D(c, y)) ~(d -l)*c/4+ s/2. Then by (3.2) there exists 4; E Ct(B(xi, y)) SO that (A+i -(d -l)*c/4~i -&4i, 4;) < 0. Theorem 3.1 now follows from Proposition 2.1, and (Af, f) 2 0.
Theorem 3.1 is a weak converse to earlier results by the author and Li [6] . Fix a point p E M and write E(r) = sup {K(x, n)(d(p, x) 2 r} where K(x, r) is the sectional curvature of a two plane 7~ in TIM. Then the following theorem was proved in [6] : It is interesting to note that no topological restrictions are required in Theorem 3.1. This contrasts with conditions (i) and (ii) of Theorem 3.3.
CONSTANT CURVATURE METRICS
Let M be a simply connected complete Riemannian manifold of dimension d having constant curvature -c, c 2 0. It is well-known[2, p. 1841 that the exponential map at each p E M is a diffeomorphism exp: T,,M + M.
Assume, for the moment, that c > 0. In the associated normal coordinates about p, one may write the metric as ds2 = dr* + e2 do2 where 8 = sinh (q/(c)r)/d/(c).
Here r denotes the geodesic distance from p.
Suppose that f(r) is a function on M, which depends on r, and satisfies the equation Af = hf. Then f satisfies the ordinary differential equation We will need to use the technical lemma: where e(d) is a known constant.
SIMPLY CONNECTED MANIFOLDS A LOWER BOUND ON THE ESSENTIAL SPECTRUM
Let M be a complete Riemannian manifold with boundary. Denote A to the Laplacian of M. If N C M is a compact manifold with boundary, of the same dimension as M, then one obtains a self-adjoint extension A' of the Laplacian of M-N by imposing Dirichlet boundary conditions. A useful tool for studying the essential spectrum of M is the following: The integral on the left is taken with respect to the volume element of the Riemannian metric on M.
We will write I?(r) = sup {K(x, m)Jd(p, x) 2 r} where v is a two plane in TIM. One has Set, for u > 0,
Then, for all u, one has F(u) 2 0. To see this we just use Jacobi's to derive:
where yt is the tangent vector to the geodesic y. Moreover, (tanh (~(2c0)s0))*. Th en, by iterating the above procedure, one finds that
for u 2 r. + kso.
By choosing so, k sufficiently large, we may conclude from (5.4) that This completes the proof of the lemma.
If x E M and 7r is a two plane in TIM, we may denote K(x, 7r) to be the sectional curvature of 7r. One may now state: Since (T may be chosen arbitrarily large, Theorem 6.3 follows from Proposition 2.2.
SURFACES WITH FINITELY GENERATED FUNDAMENTAL GROUP-A LOWER BOUND ON THE ESSENTIAL SPECTRUM
Let X be a two dimensional Riemannian manifold with boundary ax. Suppose that X is diffeomorphic to R* -0' = {x E RI [lx/l L 1). The letter y will denote a simple closed curve, in X, homotopic to a curve obtained by moving once around 8X. Then y divides X into two components: (i) The noncompact exterior of y denoted ext (y), and (ii) The relatively compact interior of y denoted int (7) . A normal vector N to y which points into ext (y) will be called an outward pointing normal.
The exponential map along y provides a diffeomorphism from a neighborhood of the zero section in the normal bundle to y onto a tubular neighborhood of y in M. In this neighborhood, the metric may be written as ds* = dr* + 8*(r, w) dW*. Choosing N to point in the direction of increasing r, N = al&-, one computes the geodesic curvature of y: To show that exp is a global diffeomorphism, it suffices to show that no two geodesics emanating from y can meet. Let p,, p2 be two geodesic segments leaving y at PI, PZ and meeting at Pj. By adding a segment from y, one obtains a triangle A = PIP2P3. Now apply the Gauss-Bonnet theoremll4, p. 3841: As a corollary to. Theorem 7.3, one obtains a new proof of Theorem 1.2 in the author's earlier paper with Li [6] . This known result was stated as Part (ii) of Theorem 3.3 above. Proof. Theorem 7.3 implies that the essential spectrum of M is bounded below by l/4. Therefore, it suffices to show that each A > l/4 lies in the essential spectrum.
Suppose that M has an expanding end E. As in the proof of Theorem 7.3, there is a homotopically non-trivial curve y contained in E so that XR(N) > 0 where N is the outward pointing normal to y. Consequently, exp: T-y'.+ +ext (y) is a diffeomorphism.
Let d? = dr*+ 02(r, w) do* be the expression for the metric tensor in the associated coordinate system. Then 0'/0(0, w) = rC,(N) 2 0. We may suppose K(x) < -l/4 in ext (y). By Lemma A.2 and formula (7.4), tY/e(r, w) L l/2 tanh (r/2). So 0(r, w) 2 cash (r/2)0(0, w). It follows that the injectivity radius of E approaches infinity as r + 00. Thus, given any v > 0, E contains an infinite number of geodesic balls, within the cut locus, having radius V. One may directly apply the argument of Theorem 6.3 showing that Ess Spec (E) = [l/4, m), with Dirichlet boundary conditions on y. Since Ess Spec (M) 3 Ess Spec (E), this finishes Case (i).
To treat the parabolic ends, we employ a technical lemma: Proof. Since F is parabolic, the proof of Theorem 7.3 shows that there is a homotopically non-trivial curve y contained in F so that (a) the geodesic curvature XR(N) > 0, where N is the inward pointing normal to y.
We extend F to S' X ( -a, 00) by using the exponential map along y, in direction N. Identify S' X (0,~) = ext (y), and extend K from ext (y) to a smooth function on S' X ( -cc), m), with K satisfying K I -l/4. To obtain a metric having curvature K, we solve the differential equation 311. Moreover, by Lemma A.2, formula (7.4) and the initial condition +'l$ = X,(N) 2 0, one has + > 0 for all r. The desired metric on ( -~0, 0) x S' is given by dr* + I&* dW2.
Eberlein [7, p. 361 has shown that for parabolic ends F in manifolds M of strict negative curvature K 5 -b*, one has a good parametrization. Specifically, there exists a homotopically non-trivial curve y contained in F so that exp: Ty'*' + ext (y) is a diffeomorphism. Lemma 8.2 allows us to apply Eberlein's result when K 5 -b2 on F alone.
Let ds* = dr2 + 8*(r, w) dW* be the Eberlein parameterization of a parabolic end By Lemma A.3, T(S) +O as s +m. Since r. -E and E may be chosen arbitrarily large, our conclusion follows from Proposition 2.2.
